In this proceeding we summarize our recent studies on two fluid lattice Boltzmann methods for binary fluids. We first clearify Sirovich's kinetic theory, then based on which three multispeed discrete velocity models are formulated, which are for the Euler equations, isothermal Navier-Stokes equations and the complete Navier-Stokes equations, respectively. Each formulated discrete velocity model, together with an appropriate finite-difference scheme, composes afinite-difference lattice Boltzmann method. The validity of the methods is verified by investigating (i) the Couette flow and (ii) the uniform relaxation process of the two components.
I. INTRODUCTION
Lattice Boltzmann Method (LBM) is anumerical scheme to simulate kinetic systems. The LBM recovers the hydrodynamic descriptions in the small Knudsen number limit. It has become aviable and promising numerical scheme for simulating fluid flows. There are several options to discretize the Boltzmann equation: (i) Standard LBM (SLBM) [I]; (ii) Finite-Difference LBM (LBM) [1] [2] [3] ; (iii) Finite-Volume LBM $ [1, 4] $ ;(iv) finite Element LBM [I, 5] ; etc. These kinds of schemes are expected to be complementary in the LBM studies.
Even though various LBMs for multicomponent fluids [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] have been proposed and developed , (i) most existing methods belong to the SLBM [6, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , $\mathrm{a}\mathrm{n}\mathrm{d}/\mathrm{o}\mathrm{r}$ based on the single-fluid theory [8-15, 17, 18, 21] ; (ii) in Refs. $ [6, 7] $ two SLBMs are proposed, but these two models are not convenient (if not impossible) to simulate thermal and compressible systems, even isothermal and incompressible systems only if the two components have different particle masses. In this study we develop two fluid FDLBMs for thermal and compressible binary fluids.
II. FORMULATION AND VERIFICATION OF THE FDLBMS
The formulation of aFDLBM consists of three steps: (i) select or design an appropriate discrete velocity model (DVM), (ii) formulate the discrete local equilibrium distribution function, (iii) choose afinite-difference scheme. The continuous Boltzmann equation has infinite velocities, so the rotational invariance is automatically satisfied. Recovering rotational invariant macroscopic equations from adiscrete finite velocity microscopic dynamics imposes constraints on the isotropy of DVM used. In our studies, the proposed FDLBMs are based on the two DVMs described below. DVMI $:\mathrm{v}_{0}=0$ , $\mathrm{v}_{\mathrm{k}1}=\mathrm{v}_{\mathrm{k}}[\cos(\frac{\mathrm{i}\pi}{6}),$ $\sin(\frac{\mathrm{i}\pi}{6})],\mathrm{i}=1,2$ , \cdots ,12,
where $k$ indicates the $k$ -th group of particle velocities and $i$ indicates the direction of the particle speed. It is easy find that (i) its odd rank tensors are zero, and (ii) its initial four even rank tensors satisfy $\sum_{0=1}^{12}v_{ki\alpha}v_{ki\beta}=6v_{k}^{2}\delta_{\alpha\beta}$ , $\sum_{i=1}^{12}v_{ki}\alpha kv\dot{\iota}\beta v_{ki\gamma}v_{ki\delta}$ $= \frac{3}{2}v_{k}^{4}\Delta_{\alpha\beta\gamma\delta}$ , $\sum_{i=1}^{12}vk\dot{\iota}\alpha vki\beta v_{k:}v\cdot v_{ki\mu}v_{k\nu}\gamma b\delta|.=\not\supset^{v_{k}\Delta_{\alpha\beta\gamma\delta\mu\nu}}16$ , (2) $\sum_{\dot{l}=1}^{12}v_{k}|\alpha vk_{\dot{l}}\beta vki\gamma vk_{\dot{l}}\delta v_{k\dot{\cdot}\mu}v_{k:\nu}v_{k\lambda}|.v_{ki\pi}=\frac{1}{32}v^{8}k\Delta_{\alpha\beta\gamma\delta\mu\nu\lambda\pi}$ , where $\alpha$ , $\beta$ , $\cdots$ indicate $x$ or $y$ component and
It is clear that this DVM is isotropic up to, at least, its 9th rank tensor.
Similarly, (i) its odd rank tensors are zero, and (ii) its initial three even rank tensors satisfy
$\sum_{\dot{l}=1}^{12}v_{k\dot{\iota}\alpha}v_{kt\beta}v_{ki\gamma}v_{ki\delta}v_{ki\mu k_{t}\nu}v$ [22] . Based on the DVM (1), the 2-dimensional BGK [23] 
where to the first order in flow velocity and temperature, the BGK model (8) (9) (10) (11) ) becomes
Now, we go to the second step: formulate $f_{ki}^{A(0)}$ . The continuous Maxwellian $f^{A(0)}$ possesses an infinite sequence of moment properties. The Chapman-Enskog analysis [24] shows that, requiring the discrete 
where
Recall that $\mathrm{u}^{A}(\mathrm{u}^{B})$ is a small quantity. By using Eq. (17), $P^{A}=n^{A}k_{B}T^{A}$ , and neglecting the second and higher order terms in $\mathrm{u}^{A}$ , Eq. (18) shows that the diffusion velocity, $u_{\alpha}^{B}-u_{\alpha}^{A}$ , is related to the gradients of If the kinetic numerical scheme is required to recover the hydrodynamics only up to the isothermal Navier-Stokes level, Eqs. (17)- (18) or the Euler level, Eqs. (17)- (19) In summary, to recover the tw0-dimensional complete Navier-Stokes equations, a 2-dimensional 61 velocity $(\mathrm{D}2\mathrm{V}61)$ model is needed; a $\mathrm{D}2\mathrm{V}33$ model is sufficient to recover the tw0-dimensional Euler equations; recovering the tw0-dimensional isothermal Navier-Stokes equations can resort on a simpler $\mathrm{D}2\mathrm{V}25$ model. In principle, a DVM with lower isotropy can be replaced by one with higher isotropy. But in practical simulations, one generally needs choose the simplest one. 
where $\gamma=2U/D$ is the imposed the shear rate, $j$ is an integer, the two walk locate at $y=\pm D/2$ .
(For example, see Fig. 1 .) The second one is the uniform relaxation process, which is an ideal process to indicate the equilibration behavior of the mixture. By neglecting the force terms and terms in spatial derivatives, the Navier-Stokes equations (17)- (19) give The second superscript "(0)" denotes the corresponding initial value. This figure shows an example where the particle masses of the two species are significantly different.
III. CONCLUSIONS AND REMARKS
The Chapman-Enskog analysis shows what properties the discrete Maxwellian distribution function $f_{ki}^{A(0)}$ should follow. Those requirements tell the lowest order of the flow velocity $\mathrm{u}^{A}$ in the Taylor expansion of $f_{k\dot{v}}^{A(0)}$ . The highest rank of tensors of the particle velocity $\mathrm{v}^{A}$ in the requirements on the truncated $f_{k\dot{\iota}}^{A(0)}$ determines the needed isotropy of the DVM. The incorporation of the force tems makes no additional requirement on the isotropy of the DVM.
The present approach works for binary neutral fluid mixtures. One possibility to introduc interfacial tension is to modify the pressure tensors [14] , which is implemented by changing the force terms [3] . The specific force terms or pressure tensors depend on the system under consideration, which are out of the scope of this Letter, but can be resolved under the same tw0-dimensional 61-velocity model $(\mathrm{D}2\mathrm{V}61)$ . For binary fluids with disparate-mass components, say $m^{A}\ll m^{B}$ , only if the total masses and temperatures of the two species are not significantly different, Sirovich's kinetic theory works, so do the corresponding FDLBMs. (See Fig. 2 for an example.) When the masses $\mathrm{a}\mathrm{n}\mathrm{d}/\mathrm{o}\mathrm{r}$ the temperatures of the two components are greatly different, the tw0-fluid kinetic theory should be modified. In those cases, the Navier-Stokes equations and the FDLBMs are not symmetric about the two components, but the FDLBMs can still be resolved under the $\mathrm{D}2\mathrm{V}61$ model. The formulation procedure is straightforward.
A more detailed description is referred to $ [25, 26] $ . We finally emphasize that the numerical errors ffom the finite-difference schemes result in artificial viscosities in the simulation. The comparison of various finite-difference schemes, discussion on numerical accuracy and stability are referred to Refe. [2, 3, 18] .
